We define the stochastic integrals of a set-valued process and a fuzzy process with respect to a cylindrical Brownian motion on a Hilbert space. We also give their properties, which are useful for the study of fuzzy stochastic differential equations and stochastic differential inclusions with a set-valued diffusion term.
INTRODUCTION
Stochastic differential equations generalize the notion of ordinary differential equations by adding the effect of random fluctuation. The theory of ordinary differential equations has been extensively developed in connec-Ž w x . tion with set-valued and fuzzy-valued analysis see 1, 6, 7, 11 14 , and the concept of fuzzy sets has been used in several mathematical areas and applications such as pattern recognition and system analysis since Zadeh w x 19 introduced this concept in 1965. In particular, it has been applied in w x w x probability theory by Ban 2 , Puri and Ralescu 15 , and Stojaković w x 16, 17 .
In this paper, we will define the stochastic integrals of a set-valued process and a fuzzy process with respect to a cylindrical Brownian motion on a Hilbert space and give their properties. These concepts are natural tools in the study of the theory of fuzzy stochastic differential equations and stochastic differential inclusions with set-valued diffusion terms.
The organization of the paper is as follows. In Section 2, we state some w x useful results of set-valued function by Hiai and Umegaki 4 and Negoita w x p and Ralescu 10 and give some properties of L -bounded random sets. In Section 3, we define a stochastic integral of a set-valued process with respect to a cylindrical Brownian motion in a Hilbert space and give some properties of this stochastic integral. In Section 4, we define a stochastic integral of a fuzzy process, for the first time, by stating that its ␣-cut is the stochastic integral of the ␣-cut of the fuzzy process. We also give some results that are useful to the study of fuzzy stochastic differential equations that are naturally derived from the stochastic integral of a fuzzy process.
PRELIMINARY
In this section we give some notations and properties related to random Ž . sets. Let ᑲ be a real separable Banach space and ⍀, A A, be a -finite measure space. For any set-valued function F: ⍀ ª 2 ᑲ , we use the following notations:
Ž . 
Then we ha¨e the following results: for all g ⍀.
Moreo¨er, if S and S are nonempty
w x We introduce the notion of decomposability from 4 as follows. Let M Ž be a set of measurable functions f : ⍀ ª ᑲ. We call M decomposable with . 
A A, P be a complete probability space. An A A-measurable set-Ž . valued function on ⍀, A A, P is called a random set. Now we define the notion of L p -boundedness of random sets, which is induced from the notion of integrable boundedness of random sets. This is necessary to define the stochastic integral of random processes. w x From now on, we use the notation E f for the expectation of a random variable f.
In fact, the necessity is clear. For sufficiency, we can take a real-valued random Ž . 
This is a contradiction. Thus S p / .
‫ޒ‬ , by the above assertion we have 
Ž . considered to be identical if and only if ⌬ F , F s 0.
n n Therefore, we have the following: 
We recall the following lemma, which we shall use to define the Ž . stochastic integral of a fuzzy process see Theorem 4.6 . 
4 w x has the property that x g M: x G ␣ s M for e¨ery ␣ g 0, 1 . 
STOCHASTIC INTEGRALS OF SET-VALUED PROCESSES
Ž . Let ᑲ be a separable real Hilbert space and ⍀, A A, P be a complete Ž . probability space with a reference family A A .
. i For all t g ‫ޒ‬ , F t, is closed and convex in ᑲ a.a. g ⍀.
Ž .
Ž . ii For a fixed t, F t, и is a ᑲ-valued random set, that is, for all
where the closure is taken with respect to the norm in L ⍀, ᑜ, P; ᑲ .
Ž . This random set G is called the set-valued conditional expectation of F w < x given ᑜ, and we denote it by E E F ᑜ . But as in Remark 2.13, we rewrite p Ž Ž .. this as follows: for any F g L ⍀; K K ᑲ and sub--field ᑜ ; A A,
Ž Ž .. DEFINITION 3.3. A set-valued ᑲ-process ‫ކ‬ s F t
is called a mar- Ž Ž .. For a set-valued ᑲ-process ‫ކ‬ s F t , we set 
process. Then F t is ᑦ -bounded if and only if ᑭ is nonempty and
Proof. Assume that F t is ᑦ -bounded. Then by definition there
. and a.a. g ⍀ with x g F t, . Since F t is an A A -adapted mea-
Ž . ᑦ ᑲ . Hence ᑭ is nonempty. The rest is clear from Theorem 2.9.
Proof. This is clear from Theorems 2.1 and 2.2. 
Ž 2 Ž . . Thus we can see that ᑣ ᑲ , ␦ is a complete metric space. Ž . We identify ‫ކ‬ and ‫ކ‬ g ᑣ ᑲ if for any t G 0, ␦ ‫ކ‬ , ‫ކ‬ s 0. 
for any t G 0, by the definition of the conditional expectation, 
Ž .
X s x , 0 0 w x 1 Ž . Stojakovic 17 shows that for any G g ⌳ ⍀; ᑲ and -field ᑜ ; A A, 1 Ž . there exists a unique fuzzy random variable ⌽ g ⌳ ⍀, ᑜ; ᑲ such that for w x any ␣ g 0, 1 , and
